The locations of the peaks of the CMB spectrum are sensitive indicators of cosmological parameters, yet there is no known analytic formula which accurately describes their dependence on them. We parametrize the location of the peaks as lm = lA(m − ϕm), where lA is the analytically calculable acoustic scale and m labels the peak number. Fitting formulae for the phase shifts ϕm for the first three peaks and the first trough are given. It is shown that in a wide range of parameter space, the acoustic scale lA can be retrieved from actual CMB measurements of the first three peaks within one percent accuracy. This can be used to speed up likelihood analysis. We describe how the peak shifts can be used to distinguish between different models of dark energy.
Introduction
The locations of the peaks and troughs of the CMB anisotropy spectrum can serve as a sensitive probe of cosmological parameters [1, 2, 3, 4, 5, 6] .
There are however many processes which contribute to the final anisotropies, and these must be calculated from systems of coupled partial differential equations [7] . As such it is not possible a priori to derive an accurate analytic formula for the peak locations. There exists a numericallyobtained estimate of the location of the first peak [8] for a universe with no cosmological constant, namely l1 ∼ 200 Ω −1/2 m . This was recently extended to universes with Λ = 0, by perturbing around the Λ = 0 value [9] , but holding all other parameters fixed. In this work, we calculate the locations of the first three peaks as a function of several cosmological parameters, including universes with a large dark energy component. We show how these results can be used to extract cosmological information about, for instance the history of quintessence, from just a handful of CMB data points and also to speed up multi-parameter likelihood analysis.
Before last scattering, the photons and baryons are tightly bound by Compton scattering and behave as a fluid. The oscillations of this fluid, occuring as a result of the balance between the gravitational interactions and the photon pressure, lead to the familiar spectrum of peaks and troughs in the averaged temperature anisotropy spectrum Ωm ΩΛ l1 (estim.) l1 (numeric. Table 1 : Values of the location of the first peak l1 estimated by l1 ≈ lA and calculated numerically via CMBFAST [7] . The intuitive model clearly does not describe the location of the first peak well, though the spacings between other peaks is better. The above values were calculated assuming h = 0.65, Ω b = 0.05, n = 1 and a ls = 1100 −1 .
which we measure today. The odd peaks correspond to maximum compression of the fluid, the even ones to rarefaction [10] . In an idealised model of the fluid, there is an analytic relation for the location of the m-th peak: lm ≈ m lA [11, 12] where lA is the acoustic scale which may be calculated analytically [6] and depends on both pre-and post-recombination physics as well as the geometry of the universe.
The simple relation lm ≈ m lA however does not hold very well for the first peak (see Table 1 ) although it is better for higher peaks [2] . Driving effects from the decay of the gravitational potential as well as contributions from the Doppler shift of the oscillating fluid introduce a shift in the spectrum. In order to compensate for this, we parametrize the location of the peaks and troughs as in [11] by
For convenience, we defineφ ≡ ϕ1 to be the overall peak shift, and δϕm ≡ ϕm −φ the relative shift of the m-th peak relative to the first. The reason for this parametrization is that the phase shifts of the peaks are determined predominantly by pre-recombination physics, and are independent of the geometry of the Universe. In particular, the ratio of the locations of the first and m-th peaks
probes mostly pre-recombination physics and so can be used to extract information on the amount of dark energy present before last scattering [6] . If we knew how the phase shifts depended on cosmological parameters, it would be possible to extract lA from the measured CMB spectrum. Since any given cosmological model predicts a certain value of lA, this is a simple way of distinguishing between different models -in particular it has been shown [6] that different quintessence models with the same energy density and equation of state today can have significantly different values of lA. Finally, having extracted lA from observations, we could speed up likelihood analysis by being able to discard models not leading to the right value of the acoustic scale before a single perturbation equation has to be solved.
In a recent paper [11] , a fitting formula forφ was given
for the values n = 1, Ω b h 2 = 0.02. In this formula, r⋆ is the ratio of radiation to matter at last scattering 
Equation (3) however, is valid only for the given values of spectral index, Hubble parameter and baryon density. It does not include the dependence of the peak location on the amount of quintessence present at last scattering, and is valid only for the first peak l1. In this paper, we give fitting formulae (see Appendix A) for the shifts of the first three peaks and the first trough and describe how one can use them to extract cosmological information from future CMB experiments. Our first task in computing fitting formulae for the peak locations is to decide which cosmological parameters to fit to. The dependence on the baryon density and the Hubble parameter is sensitive only to the product Ω b h 2 , and so we do not seek to fit for them separately. We further take r⋆ defined in Equation (4) and the spectral index n as parameters. For the quintessence dependence, we use the effective average density component before last scattering Ω φ ls defined as in [6] 
1 The peaks are labelled by integer values of m and the troughs by half-integer values.
2 This relation also holds in the presence of quintessence.
Symbol
Range Table 2 : Parameter ranges used in this work.
We recall that the peak shifts are sensitive mainly to pre-recombination physics and so we do not need to use the value of Ω φ today as a parameter. Of course the acoustic scale lA does depend on today's quintessence component -we give a relation for lA in Section 3. We will thus seek to find the dependence of (φ, δϕm) on the cosmological pa-
In performing these calculations, we restricted each of the cosmological parameters used to lie within a certain interval, which in each case is over-rather than under-cautious. The ranges of parameter values chosen are displayed in Table 2 . To gain intuition for the fitting formulae, we plot curves for the shift of the first and the second peak as well as the relative shifts of the first trough and the second peak in Figure 1 .
In Sections 2 and 3 we describe a systematic procedure for extracting the acoustic scale lA from the location of the first three peaks. Section 4 introduces a quantity κ which is useful as it depends only on two of our four parameters. The model (in)dependence of the fitting formulae is discussed in Section 5. Finally, our fitting formulae are given in Appendix A.
Retrieving the shifts from CMB measurements
With future high precision measurements of the MAP 3 and PLANCK 4 satellites, we expect that the position of the first three peaks and troughs will be determined to high accuracy. From these few data points, it is possible to extract valuable information on the cosmological parameters. We have observed, during our computation of CMB spectra for thousands of universes, that the overall shift of the third peak ϕ3 (i.e. ϕ3 =φ + δϕ3) is a relatively insensitive quantity. In the parameter range we used (see Table 2 ) we found that ϕ3 = 0.341 ± 0.024. 5 In using ϕ3 = 0.341 we introduce slight (at most one percent) systematic deviations in our estimate, because an increase of Ω φ ls typically increases ϕ3 (see Fig. 1(d) ). We will partially correct for these effects by improving our estimate for ϕ3, via the procedure described below. The large symbols show the data corresponding to these curves. The errors quoted in Appendix A are calculated from the spread of these symbols relative to the curves. The sprinkled dots represent thousands of models selected at random from the parameter space given in Table 2 , and indicate the ranges of values taken on byφ etc. for these models. Table 3 : Binned average ϕ3 of the numerical simulation and the improved deduction.
We start by extracting our first estimate of the overall phase shift, from the measured locations of the first and third peaksφ
Comparing this estimate with the value calculated from numerical simulations, we find ∆φ = 0.006. Having a handle on the overall phase shift, it is now simple to infer the relative shifts δϕm of the remaining troughs and peaks. From equation (2) we get the relation
The error of this estimate is
Having a first (and already quite accurate) estimate of the shifts, we now correct for the systematic effects described above. Taking the cosmological parameter set we wish to maximise over (i.e. Table 2 ), we calculate for each model universe the phase shifts of the first three peaks using the fitting formulae given in Appendix A. We then discard those models for which any phase shift deviates significantly (say > 2-σ) from the data-inferred values. This leaves an improved cosmological parameter set, for which the average value of ϕ3 is calculated (see Table 3 ). This improved ϕ3 can then be used to re-calculate the phase shifts from Equations (6) and (7).
Estimating l A
Using the improved value 6 for ϕ3 from the previous section, we can extract to very good accuracy the acoustic scale lAthe quantity which determines the overall spacing of CMB peaks:
In fact, the deviation of the value of lA estimated from this formula and the numerically-obtained value is small, with a 1-σ error of 0.8% (see also Table 4 ). This is a very valuable result, for the value of lA can be simply computed for any given quintessence (or indeed any other) cosmology. For flat universes it is given by [6] 
with
where Ω r 0 , Ω φ 0 are today's radiation and quintessence components, a ls is the scale factor at last scattering (if a0 = 1) andcs is the average sound speed before last scattering:
The effective equation of state, w0 is the Ω φ -weighted average over conformal time
In particular, different quintessence models with the same energy density and equation of state today can have significantly different values of lA. In this way stringent bounds on cosmological models can be imposed just by comparing the lA value of specific models.
Insensitive Quantities
The phase shifts depend on the cosmological parameters Ω b h 2 , r * , n, Ω φ ls . Of course, if it were possible to find a linear combination of phase shifts which is insensitive to some of these parameters and thus reduce the dimensionality of our parameter space, it would greatly help in extracting cosmological information. To this end, we note an anti-correlation betweenφ and δϕ3 -empirically, we have found that the quantity
is practically insensitive to r⋆ and Ω b h 2 , and depends only on n and Ω φ ls . In fact, it is to very good approximation given by the fit
with ∆κ fit ≈ 0.0024 being the deviation of the fit from the numerically-simulated values (see Fig. 2 ). Following the procedure in Section 2, we can deduce κ from the measured values of the peak locations. Within our parameter range, κ is then determined with error ∆κ deduc. = 0.013. 2 for most of the initial conditions considered. The dots represent fifty thousand models with parameters in the ranges given in Table 2 The +'s and ×'s represent models with Ω φ ls = 0 and 0.22 respectively, for n = 1, and all values of other input parameters.
In the parameter space we have considered, the value of κ varies between 0.26 and 0.36. Hence to 1-σ confidence level, about three quarters of our two-dimensional (n, Ω φ ls ) parameter space can be excluded for any given κ. For instance, without quintessence, the value of κ lies between 0.26 and 0.29 for n ∈ [0.8, 1.2]. The measurement by MAP or PLANCK of a value of κ > 0.29 would therefore be a strong hint of a dark energy component playing a role at last scattering.
Model dependence
The fitting formulae were obtained using a standard exponential potential [13] for the quintessence component. Because the shifts are almost independent of post recombination physics, we expect the results to be approximately correct for any realization of quintessence, i.e. all potentials. One should however be cautious with models that are qualitatively extremely different from the exponential potential before last scattering, as for example the RatraPeebles inverse power law [14] with substantial Ω φ ls . In these models there is a sharp increase in Ω φ during recombination, whereas the quintessence content for the exponential potential is fairly constant at this epoch.
The inverse power law is characterized by its potential V IPL = A/ϕ α . Models with α 2 are phenomenologically disfavoured [15] . We use these models only as cross checks for the fitting formulae.
In terms of phase shifts, one finds that the sensitive relative shifts of the first trough and the second peak differ substantially for the two models (see Table 4 ). However,φ and κ are seen to be more robust and the deduced value of lA is accurate to within one percent in every case.
Conclusions
In this paper we have shown that within a wide range of parameters, one can accurately deduce the acoustic scale lA, as well as the shifts of the peaks and troughs provided the locations of the first three peaks are measured. Not only will this enable faster testing in likelihood analysis by providing a filter before any fluctuation equations are solved, but it could also in principle lead to a detection of quintessence -measuring a non-zero value of the dark energy at last scattering (e.g by computing the quantity κ described in Section 4) would distinguish it from a cosmological constant, whose contribution to the energy density of the Universe would become significant only very recently.
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A Fitting formulae
We present here our fitting formulae for the overall phase shiftφ, followed by the relative shifts of the first trough (δϕ 3/2 ) and the second (δϕ2) and third (δϕ3) peaks. 7 In each case we also give an estimate of the accuracy of the formulae.
A.1 Overall phase shiftφ
For the overall phase shiftφ (i.e. the phase shift of the first peak) we find the formulā
where a1 and a2 are given by
It contains the main dependence of any shift ϕm on Ω The relative shift of the first trough is a very sensitive quantity spanning a wide range of values. It can very well be used to restrict the allowed parameter space for cosmological models. We have Table 4 : The peak locations and the phase shifts of leaping kinetic term [16] and Ratra Peebles inverse power law [14] 
For the one standard-deviation error we have ∆δϕ 3/2 = 0.0039.
A.3 Relative shift of second peak δϕ 2
The relative shift of the second peak is a very sensitive quantity. It is thus not surprising to find a strong dependence of δϕ2 on the parameters. We have 
A.4 Relative shift of third peak δϕ 3
For the third peak, we find δϕ3 = 10 − d1r 
and error given by ∆δϕ3 = 0.0052.
A.5 Overall shift of third peak ϕ 3
For completeness, we give a fit for ϕ3 which in principle could be obtained by addingφ and δϕ3. However, a onestep-fit yields better errors here. Our formula is ϕ3 = e1 (1 + e3r⋆) r e 2 ⋆ + e4 − 0.037 (n − 1), 
and error ∆ϕ3 = 0.0017.
